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Abstract. The dynamical symmetry limit of the two-fluid Interacting Vector Boson Model (IVBM), de-
fined through the chain Sp(12, R) ⊃ U(3, 3) ⊃ Up(3)⊗Un(3) ⊃ SU
∗(3) ⊃ SO(3), is considered and applied
for the description of nuclear collective spectra exhibiting axially asymmetric features. The effect of the
introduction of a Majorana interaction to the SU∗(3) model Hamiltonian on the γ-band energies is studied.
The theoretical predictions are compared with the experimental data for 192Os, 190Os, and 112Ru isotopes.
It is shown that by taking into account the full symplectic structures in the considered dynamical sym-
metry of the IVBM, the proper description of the energy spectra and the γ-band energy staggering of the
nuclei under considerations can be achieved. The obtained results show that the potential energy surfaces
for the following two nuclei 192Os and 112Ru, possess almost γ-flat potentials with very shallow triaxial
minima, suggesting a more complex and intermediate situation between γ-rigid and γ-unstable structures.
Additionally, the absolute B(E2) intraband transition probabilities between the states of the ground state
band and γ band, as well as the B(M1) interband transition probabilities between the states of the ground
and γ bands for the two nuclei 192Os and 190Os are calculated and compared with experiment and for the
B(E2) values with the predictions of some other collective models incorporating the γ-rigid or γ-unstable
structures. The obtained results agree well with the experimental data and reveal the relevance of the used
dynamical symmetry of IVBM in the description of nuclei exhibiting axially asymmetric features in their
spectra.
PACS. 21.60.Fw Models based on group theory – 21.10.Re Collective levels
1 Introduction
It has been known for a long time that in certain mass re-
gions nuclei with static deformation show deviations from
a rigid axially symmetric picture. The possibility of static
triaxial shapes for the ground state of nuclei is a long-
standing problem in nuclear structure physics despite the
fact that very few candidates have been found experimen-
tally [1],[2]. In the geometrical approach the triaxial nu-
clear properties are usually interpreted in terms of either
the γ-unstable rotor model of Wilets and Jean [3] or the
rigid triaxial rotor model (RTRM) of Davydov et al. [4].
These models exploit the geometrical picture of nucleus
according to the Collective Model of Bohr and Mottelson,
expressed in terms of the intrinsic variables β and γ where
the former specifies the ellipsoidal quadrupole deformation
and the latter the degree of axial asymmetry. To describe
the deviations from axial symmetry the model of Wilets
and Jean assumes that the potential energy is independent
of the γ-degree of freedom, while in the model of Davydov
et al. one considers a harmonic oscillator potential with a
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minimum at finite values of γ producing a rigid triaxial
shape of the nucleus.
The question of whether asymmetric atomic nuclei are
γ-unstable or γ-rigid has been an ongoing and active is-
sue in nuclear structure physics for over half a century.
A number of signatures of γ-unstable and γ−rigid struc-
tures in nuclei has been discussed [1],[2],[5]-[8]. While it
might be thought that the potential energy surfaces that
are nearly γ-flat or which display deep minima for some
value of γ would produce rather different nuclear spec-
tra, this is in fact not the case. Indeed, the predictions for
γ-unstable and γ-rigid potentials are nearly identical for
most observables if the average value of γ in the first case,
γrms, is equal to the γrigid in the second, a situation oc-
curring for example in the Os-Pt region. However, a clear
distinction arises in the γ band, where both the γ-unstable
and γ-rigid models exhibit an opposite energy staggering.
The comparison of a γ-rigid rotor and a γ-unstable models
yields similar ground state band energies, but the levels
of γ-band are grouped as 2+, (3+, 4+), (5+, 6+), . . . in γ-
unstable and as (2+, 3+), (4+, 5+), . . . in γ-rigid models,
respectively. Thus, obviously the structure of the γ band
is crucial for the identification of the shape in the real nu-
clei and hence for the manifestation of the γ degrees of
freedom.
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In Ref.[9] a new dynamical symmetry limit of the two-
fluid Interacting Vector Boson Model (IVBM) was intro-
duced, which seems to be appropriate for the description
of deformed even-even nuclei, exhibiting triaxial features.
It was shown there that the addition of Majorana interac-
tion to the SU∗(3) model Hamiltonian produces a stable
triaxial minimum. In this paper, we develop further our
theoretical approach initiated in Ref.[9] by considering in
more details the spectra of some even-even transitional
nuclei, supposed to be axially asymmetric, in the frame-
work of the symplectic IVBM with Sp(12, R) as a group
of dynamical symmetry. We focus on the γ-band proper-
ties and show how the γ-band energies (and the corre-
sponding energy staggering) are affected by the presence
of the introduced interaction. The theoretical predictions
are compared with the experimental data for 192Os, 190Os,
and 112Ru isotopes. It will be shown that by taking into
account the full symplectic structures in the considered
dynamical symmetry of the IVBM, the proper description
of the energy spectra and the γ-band energy staggering of
the nuclei under considerations can be achieved.
Additionally, the absolute B(E2) intraband transition
probabilities between the states of the ground state band
and γ band, as well as the B(M1) interband transition
probabilities between the states of the ground and γ bands
for the two nuclei 192Os and 190Os are considered and
compared with experiment and for the B(E2) values with
the predictions of some other collective models incorpo-
rating the γ-rigid or γ-unstable structures.
2 The algebraic structure of the U(3, 3)
dynamical symmetry
It was suggested by Bargmann and Moshinsky [10],[11]
that two types of bosons are needed for the description
of nuclear dynamics. It was shown there that the consid-
eration of only two-body system consisting of two differ-
ent interacting vector particles will suffice to give a com-
plete description of N three-dimensional oscillators with
a quadrupole-quadrupole interaction. The latter can be
considered as the underlying basis in the algebraic con-
struction of the phenomenological IVBM.
The algebraic structure of the IVBM [12] is realized in
terms of creation and annihilation operators of two kinds
of vector bosons u†m(α), um(α) (m = 0,±1), which differ
in an additional quantum number α = ±1/2 (or α = p
and n)−the projection of the T−spin (an analogue to the
F−spin of IBM-2 or the I−spin of the particle-hole IBM).
In the present paper, we consider these two bosons just as
elementary building blocks or quanta of elementary exci-
tations (phonons) rather than real fermion pairs, which
generate a given type of algebraic structures. Thus, only
their tensorial structure is of importance and they are used
as an auxiliary tool, generating an appropriate dynamical
symmetry.
We consider the following reduction chain of the dy-
namical symmetry group Sp(12, R) of the IVBM for study-
ing the triaxiality in atomic nuclei:
Sp(12, R) ⊃ U(3, 3)
ν
⊃ Up(3) ⊗ Un(3)
[Np]3 [−Nn]3
⊃ SU∗(3) ⊃ SO(3),
(λ, µ) K L
(1)
where the labels below the different subgroups are the
quantum numbers corresponding to their irreducible rep-
resentations (irreps). As it was shown in Ref. [9], this dy-
namical symmetry is appropriate for nuclei in which the
one type of particles is particle-like and the other is hole-
like. For more details concerning the algebraic structure
of this dynamical symmetry of the IVBM, we refer the
readers to Ref.[9].
All bilinear combinations of the creation and annihila-
tion operators of the two vector bosons generate the bo-
son representations of the non-compact symplectic group
Sp(12, R):
FLM (α, β) =
∑
k,m
CLM1k1mu
+
k (α)u
+
m(β), (2)
GLM (α, β) =
∑
k,m
CLM1k1muk(α)um(β), (3)
ALM (α, β) =
∑
k,m
CLM1k1mu
+
k (α)um(β), (4)
where CLM1k1m, which are the usual Clebsch-Gordan coef-
ficients for L = 0, 1, 2 and M = −L,−L + 1, ...L, de-
fine the transformation properties of (2),(3) and (4) un-
der rotations. We also introduce the following notations
u†m(α = 1/2) = p
†
m and u
†
m(α = −1/2) = n†m. In terms
of the p− and n−boson operators, the Weyl generators of
the ladder representation of U(3, 3) are [9]
p†kpm, p
†
kn
†
m, −nkpm, −n†mnk, (5)
which are obviously a subset of symplectic generators (2)−(4).
The first-order Casimir operator of U(3, 3) is
C1[U(3, 3)] =
∑
k
(p†kpk − n†knk), (6)
and does not differ essentially from the operator T0 defined
in [12]:
T0 =
1
2
C1[U(3, 3)] +
3
2
. (7)
The U(3, 3) irreps (ladder irreducible representations) con-
tained in either (even) < (1/2)6 > or (odd) < (1/2)53/2 >
irrep of Sp(12, R) can be denoted by the shorthand nota-
tion [ν], ν ∈ Z, defined as follows [9]:
[ν] = {(1/2)2, ν + 1
2
; (1/2)3} if ν > 0 (8)
= {(1/2)3; (1/2)2,−ν + 1
2
} if ν < 0 (9)
= {(1/2)3; (1/2)3}, if ν = 0 (10)
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The branching rules can be written as
< (1/2)6 > ↓
+∞∑
ν=−∞,ν=even
⊕[ν] (11)
and
< (1/2)53/2 > ↓
+∞∑
ν=−∞,ν=odd
⊕[ν]. (12)
In the present application we consider only the even irre-
ducible representation of Sp(12, R).
The direct product Up(3)⊗Un(3) subalgebra is defined
by the subset of the number preserving generators (5) of
U(3, 3), namely
p†kpm, −n†mnk. (13)
Then, the combined (particle-hole) algebra U∗(3) is sim-
ply expressed by the linear combination operators Akm ≡
{p†kpm − n†mnk} of (13), which can also be defined in the
following way [9]
M = Np −Nn, (14)
LM = L
p
M + L
n
M , (15)
QM = Q
p
M −QnM . (16)
The second order Casimir operator of U∗(3) can be defined
by
C2[U
∗(3)] =
∑
ij
AijAji. (17)
The SU∗(3) algebra is obtained by excluding the opera-
tor (14) which is the single generator of the O(2) algebra,
whereas the angular momentum algebra SO(3) is gener-
ated by the generators LM only.
We can label the basis states according to the chain
(1) as:
|ν;Np, Nn; (λ, µ);KL 〉, (18)
where ν is the eigenvalue of the U(3, 3) first order Casimir
operator, Np and Nn label the Up(3)⊗Un(3) irreps ,(λ, µ)
are the SU∗(3) quantum numbers, K is the multiplicity
index in the reduction SU(3) ⊃ SO(3), and L is the an-
gular momentum of the corresponding collective state.
The basis states associated with the even irreducible
representation of the Sp(12, R) can be constructed by the
application of powers of raising generators FLM (α, β) of
the same group on the boson vacuum state. Each raising
operator will increase the number of bosons N by two.
The Sp(12, R) classification scheme for the SU∗(3) boson
representations is shown on Table 1. The ladder represen-
tations of the non-compact algebra U(3, 3) act along the
columns (”ladders”) in the space of the boson representa-
tion of the Sp(12, R) algebra, defined through the eigen-
values [ν] of the first Casimir operator (6) of the U(3, 3)
algebra. There exists a connection between this ladder rep-
resentation (”vertical classification”) and the boson rep-
resentation of U(6) ⊂ Sp(12, R) (”horizontal classifica-
tion”). Each row (fixed N) of the table corresponds to a
given irreducible representation of the U(6). Note that the
number of bosons N = Np + Nn is not a good quantum
number along the ladder representations of U(3, 3).
Table 1. Symplectic classification of the SU∗(3) basis states.
N\ν · · · 6 4 2 0 −2 −4 −6 · · ·
0 (0, 0)
2
(2, 0) (1, 1)
(0, 0)
(0, 2)
4
(4, 0) (3, 1)
(2, 0)
(2, 2)
(1, 1)
(0, 0)
(1, 3)
(0, 2)
(0, 4)
6
(6, 0) (5, 1)
(4, 0)
(4, 2)
(3, 1)
(2, 0)
(3, 3)
(2, 2)
(1, 1)
(0, 0)
(2, 4)
(1, 3)
(0, 2)
(1, 5)
(0, 4)
(0, 6)
...
...
...
...
...
...
...
...
3 The energy spectrum
The most general Hamiltonian with SU∗(3) symmetry
consists of the Casimir invariants of SU∗(3) and its sub-
group SO(3)
H = aC2[SU
∗(3)] + bC2[SO(3)], (19)
where
C2[SU
∗(3)] = 16Q
2 + 12L
2 (20)
and the quadrupole operator Q is given by (16).
The spectrum of this Hamiltonian is determined by
E = a(λ2 + µ2 + λµ+ 3λ+ 3µ) + bL(L+ 1). (21)
We point out that there are very large degeneracies in the
resulting energy spectrum caused by the large values of λ
and µ, which is not observed in the real nuclear spectra.
In the present application we consider Sp(12, R) to be
the group of the dynamical symmetry of the model. We
make use of the following Hamiltonian:
HU(3,3) =a1M
2 + b(N2n −N2p )
+ a3C2[SU
∗(3)] + b3C2[SO(3)], (22)
expressed as a linear combination of the Casimir operators
of the different subgroups in the chain (1). The Hamilto-
nian (22) is diagonal in the basis (18). Then its eigenvalues
that yield the spectrum of the nuclear systems are:
E(ν;Np, Nn; (λ, µ);L) = a1ν
2 + b(N2n −N2p )
+ a3(λ
2 + µ2 + λµ+ 3λ+ 3µ) + b3L(L+ 1). (23)
The energy spectrum determined by Eq.(23) will be the
starting point for our further calculations.
4 Triaxial shapes in the IVBM
In Ref.[9] it has been shown that the addition of different
types of perturbations to the SU∗(3) energy surface, in
particular the addition of a Majorana interaction and an
O(6) term to the SU∗(3) model Hamiltonian, produces a
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stable triaxial minimum in the potential energy surfaces.
In present work we consider only the inclusion of a Ma-
jorana interaction to the model Hamiltonian and study
the influence of the latter on the produced low-lying en-
ergy spectra. We expect that many experimental proper-
ties of some deformed even-even nuclei, exhibiting axially
asymmetric features, to be explained with the perturbed
Hamiltonian under consideration.
We present a schematic calculations starting with the
Hamiltonian H (22) to which a perturbation term is added.
The Hamiltonian which contains Majorana interaction is
written in the form
H = HU(3,3) + aM3, (24)
where the Majorana operator is defined as
M3 = 2(p
† × n†)(1) · (p× n)(1) (25)
and it is related to the U(3) second order Casimir invariant
C2[U(3)], defined in Ref.[12], via the relation
C2[U(3)] = N(N + 2)− 2M3. (26)
The Hamiltonian H contains the pure SU∗(3) symmetry,
when only a3 6= 0 in Eq.(22). The Majorana interaction
can be written in the form
M3 =
2
3
(N2p +N
2
n) +Np +Nn −
1
3
M2 − 1
2
C2[SU
∗(3)]
− 1
3
(
15
64
(C2[SU
∗(3)]− C2[SUp(3)]− C2[SUn(3)])
− 3
32
√
30[A(1,1)(p, p)×A(1,1)(n, n)](2,2)
)
. (27)
It is evident that the only non-diagonal component of the
Majorana interaction along the chain (1) is represented by
the last term. It mixes different SU(3) irreps.
In our application, the most important point is the
identification of the experimentally observed states with
a certain subset of basis states from symplectic extension
of the model (Table 1). As in our previous applications
of the symplectic IVBM, we use the algebraic concept of
“yrast” states, introduced in [13]. According to this con-
cept we consider as yrast states the states with given L
that minimize the energy with respect to the number of
vector bosons N that build them. Since, the GSB in the
triaxial nuclei is supposed to belong to the SU∗(3) irreps
of the type (λ = Np, µ = Nn), we map the states of the
GSB onto the ladder representation of U(3, 3) with ν = 0
(middle column of Table 1). The presented mapping of
the experimental states onto the SU(3) basis states, using
the algebraic notion of yrast states, is a particular case of
the so called ”stretched” states [14], which in our case are
defined as the states of the type (λ, µ) = (λ0 + k, µ0 + k),
where k = 0, 2, 4, . . .. In the symplectic extension of the
IVBM the change of the number k, which is related in the
applications to the angular momentum L of the states,
gives rise to the collective bands. Thus, explicitely the
states of the GSB are identified with the SU∗(3) multiplets
(λ, µ) = (k, k), where k = L. The same type of stretched
states (λ0 + k, µ0 + k) are associated with the states from
the γ band, where the symplectic band head structure of
the considered band is determined by the initial number of
phonons N0 = λ0+µ0 = 6 (λ0 = 2, µ0 = 4). Additionally,
for the γ band to each single SU∗(3) irrep (λ, µ) (k-fixed)
we put into correspondence two consecutive states with
angular momentum L and L+1, respectively. This choice
allows us to reproduce the doublet structure of the γ-band.
We note that the present choice of the SU∗(3) multiplets
associated with the states of the γ-band is quite similar to
the phonon multiplet structure of the γ-band states within
the framework of the IBM-1 in its O(6) limit, where the
states cluster in doublets differing in the O(5) label τ ,
which corresponds to the phonon-like quantum number Λ
in the γ-unstable model of Wilets and Jean [1].
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Fig. 1. (Color online) Energies of the ground and γ bands as
a function of the strength parameter a. The values of the rest
model parameters are a1 = 0.10343 MeV, b = −0.00274 MeV,
a3 = −0.00116 MeV and b3 = 0.02092 MeV.
To show the influence of the Majorana interaction on
the energy spectrum, we present the model calculations
with the IVBM Hamiltonian (24) in which the Majorana
term is included and diagonalyzed numerically. The evo-
lution of the ground and γ bands as a function of the
strength parameter a is shown in Fig. 1. From the figure
one can see that the inclusion of the Majorana term does
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not change the level spacings of the ground state band and
hence preserves its character. It can be also seen that the
γ-rigid-like doublet structure of the γ-band is conserved
for a wide interval of negative values of the parameter
a, but for a = 0 MeV (no mixing of the SU(3) irreps)
one obtains the well known γ-unstable-like structure. For
a ≃ −0.005 MeV we obtain an intermediate situation with
more regular spacing of the energy levels.
5 Numerical results
5.1 Energy spectra
Our theoretical considerations are applied for the calcula-
tion of the excitation energies of the ground and γ bands
in 192Os, 190Os, and 112Ru, which are assumed in the lit-
erature to possess triaxial shapes. We determine the values
of the model parameters a1, b, α3, β3, and a by fitting the
energies of the ground and γ bands for the corresponding
isotopes to the experimental data [15], using a χ2 proce-
dure. The theoretical predictions, compared with experi-
ment, are presented in Figures 2−4.
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Fig. 2. (Color online) Excitation energies for GSB and γ band
of 192Os. The values of the rest model parameters are a1 =
0.1034 MeV, b = −0.0027 MeV, a3 = −0.0011 MeV, b3 =
0.0209 MeV, and a = −0.0150 MeV.
There is a long-standing debate about the nature of
the spectra of Os isotopes. Some groups consider these
nuclei as being O(6)-like with γ-unstable or γ-soft energy
surfaces with a prolate minimum [16], [17], while other as
asymmetric rotor [4], [18],[19],[20], which assumes rigid-
ity in the γ degrees of freedom. The Os isotopes consid-
ered here have been treated in terms of the IBM in the
transition region from the rotor to the γ-unstable limit
[21]. In Ref.[22], these isotopes are considered as a text-
book example of this transition. In Ref.[23] it was shown
that the empirical deviations from the O(6) limit of the
IBM, in the Os-Pt region, can be interpreted by intro-
ducing explicitly triaxial degrees of freedom, suggesting
a more complex and possibly intermediate situation be-
tween γ−rigid and γ−unstable properties. Indeed, as it
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Fig. 3. (Color online) Excitation energies for GSB and γ band
of 190Os. The values of the rest model parameters are a1 =
0.1127 MeV, b = 0.0004 MeV, a3 = −0.0002 MeV, b3 = 0.0251
MeV, and a = 0 MeV.
0
1
2
3
4
5
9+
8+
7+
6+
5+
4+
3+
2+
8+
6+
4+
2+
Th
Th Exp
E
ne
rg
y 
  [
M
eV
]
112Ru
Exp
0+
Fig. 4. (Color online) Excitation energies for GSB and γ band
of 112Ru. The values of the rest model parameters are a1 =
0.1144 MeV, b = −0.0056 MeV, a3 = −0.0014 MeV, b3 =
0.0212 MeV, and a = −0.0209 MeV.
can be seen from the presented examples, the experimen-
tally observed level spacings in the γ band are more reg-
ular. In terms of the potentials, this means that the true
potentials are γ-dependent.
Recently, a number of theoretical calculations [24], [25],
[26], [27], [28] predict a tiny region of triaxiality between
the prolate and oblate shapes in this mass region. The
self-consistent Hartree-Fock-Bogoliubov calculations [26]
with Gogny D1S and Skyrme SLy4 forces predict that the
prolate to oblate transition takes place at neutron number
N = 116 (192Os).
The 96−108Ru isotopes have also been described within
the framework of IBM-1 as transitional between U(5) and
O(6) limits [29], whereas in the Generalized Collective
Model these nuclei are described as transitional between
spherical and triaxial with a prolate onset for 96Ru [30].
The collective structure of 104−112Ru isotopes was also
studied within the framework of the RTRM [31],[32]. In
the 108,110,112Ru, the experimental E2 branching ratios
were found to be in overall agreement with those predicted
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by the RTRM calculations, but the calculated odd-even
staggering in the γ band shows disagreement with exper-
iment. It has been recognized that in Ru nuclei the γ de-
pendence of the potential is intermediate between the two
limiting cases of a γ-unstable and a γ-rigid rotor [31], [32].
From the Figs. 2−4 one sees that the calculated energy
levels of both ground state and γ bands agree rather well
with the observed data and the doublet structure of the
γ band, although slightly pronounced in experiment, is
correctly reproduced.
5.2 The energy staggering
A number of signatures of γ-unstable and γ-rigid struc-
tures in nuclei has been discussed [1],[2],[5]-[8]. Many au-
thors investigated the transition from the γ-unstable regime
to a triaxial behavior. The two nuclear phases, as was men-
tioned, are characterized by different doublet structures in
the γ band. A useful quantity that distinguishes these two
cases is the energy staggering signature [1],[2]:
S(L) =
[E(L)− E(L− 1)]− [E(L − 1)− E(L− 2)]
E(2+g )
,
(28)
where E(L) stands for the energy of the state L+ be-
longing to the γ band. The quantity S(L) measures the
displacement of the (L− 1)+ level relative to the average
of its neighbors, L+ and (L − 2)+, normalized to the en-
ergy of the first excited state of the ground band, 2+g . The
doublet structure is reflected in the sawtooth shape of the
function S(L).
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Fig. 5. (Color online) Calculated and experimental staggering
of the γ band in 192Os. The predictions of the sextic and Math-
ieu approach (SMA) [36] and the IBM-1 with a term quadratic
in (Q⊗Q⊗Q)0 [35] (IBM-1) are also shown.
Analysis of the experimental staggering in different iso-
topic chains reveals several different patterns [2] that can
be categorized based on the standard limits discussed in
the IBM. Just to mention few cases, the Xe, Ba and Ce
nuclei are well-known examples [23],[33],[34] of the tran-
sition between vibrational and γ-unstable structures that
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Fig. 6. (Color online) Calculated and experimental staggering
of the γ band in 190Os. The predictions of the sextic and Math-
ieu approach (SMA) [36] and the IBM-1 with a term quadratic
in (Q⊗Q⊗Q)0 [35] (IBM-1) are also shown.
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Fig. 7. (Color online) Calculated and experimental staggering
of the γ band in 112Ru.
show strong staggering with negative S(L) values at even-
L and positive S(L) values at odd-L spins. The heavy rare-
earth nuclei (N > 82), known to display an axially sym-
metric behavior, show a similar staggering pattern with a
smaller overall magnitude than that observed in the Xe,
Ba and Ce isotopes. Nuclei that display staggering pat-
terns very different from those described above are scarce
and include, for example, 192Os and 112Ru. These nuclei
develop a staggering pattern where S(L) is positive for
even-L and negative for odd-L values, i.e. with the oppo-
site phasing than in the other two cases mentioned above.
As shown in Ref.[2] the geometrical models and the
IBM-based models can describe the basic trends observed
in the experimental staggering. It is shown that the geo-
metrical models that incorporate rigid triaxiality are char-
acterized by strong staggering with positive values for
even-L and negative values for odd-L spins. The stagger-
ing is largest for the RTRM where it increases linearly
with L and smallest for the models that use a harmonic-
oscillator β2 potential. Similarly, the IBM shows a jump
over to the triaxial region along the transition from U(5)
to SU(3), characterized by the same staggering pattern
H. G. Ganev: Axial asymmetry in the IVBM 7
as the one found in the geometrical models but with a
smaller overall magnitude.
To see whether this signature is captured by the present
approach, we plotted the function S(L) within the frame-
work of the IVBM for the nuclei under consideration in
Figures 5−7, compared with the experimental data. For
192Os and 190Os, the predictions of the IBM-1 with a
term quadratic in (Q⊗Q⊗Q)0 [35] and sextic and Math-
ieu approach (SMA) [36] that incorporate γ-rigid struc-
tures are also shown. As can be seen from the figures, the
present approach predicts a staggering pattern for 192Os
and 112Ru similar to the one observed in the geometri-
cal models and the IBM that incorporate triaxiality, and
γ-unstable type for 190Os, respectively. For all nuclei un-
der considerations, the phases of the observed staggering
patterns are also correctly reproduced (in contrast to the
SMA and IBM-1 in the case of 190Os). For the two nuclei
192Os and 112Ru, the γ-rigid staggering is well developed
in the region L ≥ 5 where also its magnitude increase with
the spin. The latter suggests that the triaxiality evolves
together with the collectivity.
5.3 Energy surfaces
The geometry associated with a given Hamiltonian can
be obtained by the coherent state method. The standard
approach to obtain the geometrical properties of the sys-
tem is to express the collective variables in the intrinsic
(body-fixed) frame of reference. Then the ground-state en-
ergy surface is obtained by calculating the expectation
value of the boson Hamiltonian (24) with respect to the
corresponding coherent states. In the case of IVBM, the
(scaled) energy surfaces ε(ρ, θ) depend on two coherent
state parameters ρ and θ, determining the ”shape” of the
nucleus [9],[12]. The latter are related to the standard col-
lective model ”shape” parameters β and γ. For more de-
tails we refer the reader to the Refs.[9],[12].
We plot the ground state energy surfaces in 192Os,
190Os, and 112Ru with the model parameters obtained
in the fitting procedure in the form of contour plots in
Fig. 8. From the figure one sees nearly γ-flat potentials
with very shallow triaxial minima for the ground state in
192Os and 112Ru, while in 190Os a typical for the O(6)
limit θ-unstable (or in IBM terms a γ-unstable) poten-
tial is observed, as should be for nuclei that show strong
staggering with negative S(L) values at even-L and pos-
itive S(L) values at odd-L spins (see Fig.6). The triaxial
minima are obtained at ρ0 ≈ 1 and θ0 = 900 which cor-
responds to γeff = 30
0 [9]. In other words, the potentials
obtained in the present approach for 192Os and 112Ru are
indeed γ-dependent, representing the case of mixing of γ-
flat and γ-rigid structures.
Shallow triaxial minima in the energy surfaces of 190Os
and 192Os are predicted in recent HFB calculations with
Gogny D1S and Skyrme SLy4 forces [26], but with an
O(6)-like doublet structure of the γ bands. The IBM-2 en-
ergy surfaces [16], [17] derived from HFB ones with Gogny
D1S forces predict a γ-soft energy surface with a prolate
minimum for 190Os and γ-unstable one for 192Os. The HF
Fig. 8. (Color online) A contour plot of the scaled energy sur-
faces ε(ρ, θ) corresponding to the Hamiltonian (24) for 192Os,
190Os, and 112Ru, respectively. Only the region ρ > 0 is de-
picted.
and IBM-2 calculations with SkM∗ forces [37] produce a
triaxial minimum and γ-soft energy surface with a prolate
minimum for 112Ru, respectively. A γ-soft energy surface
with a prolate minimum is predicted also in [38]. In [39],
the Generalized Collective Model including up to sixth or-
der (i.e. three-body) terms in α2µ able to produce a stable
triaxial minima predicts an energy surface with a triaxial
minimum for 112Ru.
6 Transition probabilities
It is known that the comparison of the experimental data
with the calculated transition probabilities is a more sen-
sitive test for each model under consideration. In this re-
spect, in this section we consider the electromagnetic prop-
erties of the IVBM with respect to the reduction chain (1).
The general approach required for the calculation of
the matrix elements of the transition operators defined in
respect to the chain (1), as well as its application to the
more complicated and complex problem of reproducing
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the B(E2) transition probabilities between the collective
states of the ground band in some isotopes exhibiting ax-
ially asymmetric features, is given in [40]. Here, in addi-
tion to the intraband E2 transitions between the states of
the GSB we consider also the E2 transitions between the
states of the γ band, as well as the interband M1 transi-
tions between the γ and GSB in the two nuclei 190Os and
192Os, for which there is enough available experimental
data.
Transition probabilities are by definition SO(3) re-
duced matrix elements of transition operators TE2 be-
tween the |i〉−initial and |f〉−final collective states
B(E2;Li → Lf ) = 1
2Li + 1
| 〈 f ‖ TE2 ‖ i 〉 |2 . (29)
Using the tensorial properties of the Sp(12, R) generators
and the mapping considered above, it is easy to define the
E2 transition operator between the states of the GSB and
γ band as [40]:
TE2 = e[A′20[210]3 + θ([F × F ] 20[2]3[2]∗3 [420]3
+ [G×G] 20[2]∗
3
[2]3 [420]3
)], (30)
where the first tensor operator is the SU∗(3) quadrupole
operator and actually changes only the angular momen-
tum with ∆L = 2 within a given irrep (λ, µ).
The tensor product
[F × F ] 20[2]3[2]∗3 [420]3
=
∑
C
[420]3
[2]3,[2]∗3
C
(2,0)(0,2)(2,2)
2 2 2 C
20
20,20
× F 20[2]3[0]∗3 [2]3F
20
[0]3[2]∗3 [−2]3
(31)
of the rasing generators of Sp(12, R) changes the number
of bosons by ∆N = 4 and ∆L = 2.
The application actually consists of fitting the two pa-
rameters e and θ of the transition operator TE2 (30) to
experiment for each isotope. The experimental data [15]
for the B(E2) transition probabilities between the states
of the GSB and γ band are compared with the correspond-
ing theoretical results of the symplectic IVBM in Figure
9. For comparison, the theoretical predictions of IBM-2
[41] in its SU∗(3) limit, RTRM [42], sextic and Mathieu
approach (SMA) [36], and γ-unstable model of Wilets and
Jean [3] are also shown. From the figure one can see that
all models presented reproduce the general trend of the
experimental data, but nevertheless with the increasing
of spin the RTRM, SMA, and γ-unstable model overes-
timate the observed experimental data well described by
the IVBM. Note different values obtained for the model
parameters for the two cases -with (192Os) and without
(190Os) mixing of the SU(3) multiplets.
Next, we consider the interband M1 transitions be-
tween the GSB and γ band for which there is a very few
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Fig. 9. (Color online) Comparison of theoretical and experi-
mental values for the B(E2) transition probabilities between
the collective states of the ground state band and γ band in
190Os and 192Os, respectively. The theoretical results of some
other collective models which accommodate the γ-rigid or γ-
unstable structures are also shown.
experimental data. Using the tensorial properties of the
basis states and the indetification of the experimentally
observed states of the GSB and γ band with the subset
of stretched states from the ν = 0 and ν = −2 irreps of
U(3, 3), respectively, we can define as an appropriate the
following M1 transition operator lying in the enveloping
algebra of Sp(12, R):
TM1 = gFG([L × F ] 10[4,3,0]3 + [L×G] 10[4,1,0]3), (32)
where the operators F , G and L are defined by Eqs. (2),
(3) and(15), respectively. (For more details concerning the
tensor properties of the Sp(12, R) algebra generators and
the construction of the symplectic basis see Ref.[40].)
In Figure 10 we compare our theoretical predictions
for the interband M1 transitions bitween the states of the
GSB and γ band with experiment [15] for the two nu-
clei 190Os and 192Os, respectively. Despite the very poor
experimental information, one sees a good reproduction
of the B(M1) transition probabilities for the two nuclei
under consideration.
The results obtained for the transition probabilities
considered in this section also prove the correct mapping
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Fig. 10. (Color online) Comparison of theoretical and experi-
mental values for the interband B(M1) transition probabilities
between the ground state band and γ band in 190Os and 192Os,
respectively.
of the basis states to the experimentally observed ones
and reveal the relevance of the IVBM in the description
of nuclei that exhibit axially asymmetric features in their
spectra. Certainly, the used dynamical symmetry of the
IVBM needs to be further explored by more detailed com-
parison of its predictions with the available experimental
data.
7 Summary
In the present work, we apply one of the dynamical sym-
metry limits of the two-fluid Interacting Vector Boson
Model, defined through the chain Sp(12, R) ⊃ U(3, 3) ⊃
Up(3) ⊗ Un(3) ⊃ SU∗(3) ⊃ SO(3), for the description of
some even-even nuclei, possessing axial asymmetry. We
have investigated the effect of the introduction of a Ma-
jorana interaction to the SU∗(3) model Hamiltonian on
the excitation energies of the ground and γ bands. The
latter introduces a potential which has a minimum at
γ = 300 and change the γ-band doublet structure from
that of γ-unstable to that of γ-rigid type. This allows for
the description of these two limiting cases, as well as the
situation in between, which is characterized by more uni-
form energy level spacings in the γ-band, and described
actually by γ-dependent potentials.
The theoretical predictions are compared with the ex-
perimental data for 192Os, 190Os, and 112Ru isotopes. It
is shown that by taking into account the full symplectic
structures in the considered dynamical symmetry of the
IVBM, the proper description of the energy spectra and
the γ-band energy staggering of the nuclei under consid-
erations can be achieved. The obtained results show that
the potential energy surfaces for the following two nuclei
192Os and 112Ru, possess almost γ-flat potentials with
very shallow triaxial minima, suggesting a more complex
and intermediate situation between γ-rigid and γ-unstable
structures.
Symplectic dynamical symmetries provide for larger
classification spaces and richer subalgebraic structures al-
lowing to incorporate more complicated structural effects
in nuclear spectra. Additionally, the algebraic structure of
the model allows both the basis states and the transition
operators to be defined as tensors in respect to the consid-
ered dynamical symmetry which simplifies the calculation
of the transition probabilities by using a generalized ver-
sion of the Wigner-Eckart theorem. This allows the model
to be further tested on the more complicated problem of
reproducing the transition probabilities between the col-
lective states attributed to the basis states of the Hamil-
tonian. Exploiting this, the theory is further applied for
the calculation of the absolute B(E2) intraband transi-
tion probabilities between the states of the ground state
band and γ band, as well as the B(M1) interband tran-
sition probabilities between the states of the GSB and γ
band for the two nuclei 192Os and 190Os for which there is
enough available experimental data. The theoretical pre-
dictions are compared with experiment and for the B(E2)
values with the predictions of some other collective models
incorporating the γ-rigid or γ-unstable structures.
The results obtained for the energy levels, the energy
staggering of the γ band and the transition probabilities
of the considered nuclei prove the correct mapping of the
basis states to the experimentally observed ones and reveal
the relevance of the used dynamical symmetry of IVBM
in the description of nuclei exhibiting axially asymmetric
features in their spectra.
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